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Abstract. In the paper, some approaches to dynamic modeling of heat transfer through external building construc-
tions are presented. The model of heat transfer dynamics through a wall was designed on the base of mathematical
describing of an energy balance for the elementary layer of a plane wall. The wall was considered as a continuum
with continuously distributed thermal resistance and capacity. Based on the designed analytical mathematical model,
a simulation model in MATLAB/Simulink environment was developed. These dynamic models of heat transfer
through the wall with real materials parameters and also through the window with real thermal parameters were simu-
lated and some simulation results are presented in the paper.
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1 Introduction

Heating, cooling, and lighting are the primary energy
consumers in buildings, but heating is predominant [1].
To improve energy efficiency and reduce energy con-
sumption, it is highly important to obtain patterns of en-
ergy use, climatic conditions, heat transfer characteristics,
and ventilation requirements.

Heating models can be installed on the basis of system
identification and statistical methods to assess the energy
consumption of buildings by combining existing data.
Since the interior of the building is not always meet the
requirements of comfort, the reaction of the building
should be corrected through the heating or air-
conditioning systems that act as controlled heat or cold
sources [2].

Due to a high number of insulating materials are wide-
ly used in new construction and modern building enve-
lope has more complicated internal and external struc-
tures [3], the problem of dynamic simulation of heat
transfer through external building constructions is the
urgent scientific problem.

Previously developed simplified models are able to de-
scribe existing building systems with the aim of predic-
tion for air-conditioning system optimal control [4].
However, these models need to be supplemented by de-
tailed physical models of heat transfer.

2 Literature Review

A number of research works are aimed at ensuring the
precise dynamic simulation of heat transfer through ex-
ternal building constructions. Particularly, the paper [5]
presents the analysis of energy demand in residential
buildings for different climates by means of dynamic
simulation.

The paper [6] presents a solution of the problem of
heat transfer through walls for energy independent build-
ing applications in the form of an optimized, thermally
controlled storage using phase change materials integrat-
ed to building walls.

Thermal dynamic modeling and simulation of a heat-
ing system for a multi-zone office building equipped with
demand controlled ventilation using MATLAB/Simulink
is presented in the paper [7].

Using the CFD methods for numerical simulation of
the heat and mass transfer processes is proposed in the
articles [8, 9].

Modeling of conduction transfer functions for typical
thermal bridges identified in BIM data is proposed in the
paper [10].

Comparison of steady-state and dynamic building en-
ergy simulation programs is discovered in the research
work [11].
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3 Research Methodology

3.1 Mathematical description of heat transfer
dynamics through a wall

For the design of the mathematical model of heat
transfer dynamics through the wall, we have considered a
single-layered plane wall, where the wall has been con-
sidered as a continuum with continuously distributed
thermal resistance and capacity. We have chosen elemen-
tary layer with following parameters, m (Figure 1):

dy — thickness of an elementary layer in a plane wall;
d; — thickness of the whole single-layered plane wall;
y — a distance of elementary layer from the heated sur-
face.

Dy D+dD D,

Figure 1 — Single-layered plane wall

Let’s others variable has been used for mathematical
description: @; — heat flow supplied into the heated wall
surface, W; @, — heat flow taken away from the cooled
wall surface, W; @ — heat flow inputs into unit surface of
layer dy, and heat flow (@ + d @) outputs from it, W.

Material parameters of a single-layered plane wall
which have been used for mathematical description:
¢ — specific heat capacity, J/(kg-K); p — volume weight,
kg/mS; A — heat conductivity of wall material, W/(m-K).

If a wall of the real building is considered, which con-
sists of several layers (Figure 2) with various parameters
of each material, the materials parameters and the tem-
peratures on both sides of such wall can be denote as
follows: 6,, — temperature of the heated wall surface, K;
6,, — temperature of the cooled wall surface, K; 6, —
temperature of elementary layer, K; d; — i-layer thickness,
m; A; — heat conductivity of i-layer material, W/(m-K).

The parameters of the multi-layered wall are calculat-
ed as follows: R;=d;/A; — thermal resistance of i-layer

with thickness d,, K-m2/W; d,= id» — thickness of
i=1
multi-layered wall, which consists from layers with
thickness d;, m; R = Z": R. — thermal resistance of multi-
i=1
layered wall, which consists from layers with thermal

resistance R;, K-m*/W ; U = 1/R — heat transfer coefficient,
W/(m*K).

According to [12] the heat energy does not originate
either does not dissolve in considering an elementary
layer of the wall. Then the difference of input heat and
output heat in the layer has to be equal to the time varia-
tion of the energy in a layer.

Let’s ¢ is a specific heat capacity and p is a volume
weight of the wall material, then:

q>—(®+dq>)=§(c-pﬂw'dy)’ M

where heat flow d@1is:

dd = = dy. @)
ds
°C
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Figure 2 — Multi-layered plane wall

If specific heat capacity ¢ and volume weight p of the
used wall material are constant, then:

_o® . 5.9 3)
oy ot

According to Fourier’s law, the heat flow is directly
proportional to the temperature gradient

s

® =1 % )
o

where A is the heat conductivity coefficient of the used
wall material.

These partial differential equations (3) and (4) with
relevant initial and border conditions completely describe
non-stationary one-dimensional heat flow. After expres-
sion of dependent variables by their values and incre-
ments and their conversion to non-dimensional form
[13, 14] we have got partial differential equations system
of heat transfer dynamics through a wall:

P o P (5)
dy A or
5 +d, 2 o, (©)
oy
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This system describes the dependence of non-
dimensional variables x, for heat flows @ and x4, for
temperatures 6,, but it still needs to be supplemented by
equations of heat transfer on both sides of the wall sur-
faces. In dimensionless form for the indoor surface area it
is valid:

.
Xo1 = Xo1 —Ki " Xgu :(xébZ _xavl)'hl — K X (7

where x 4 includes also external effects on the heat
flow transfer into the wall, x4, is the temperature of air
warming the wall, x, =h,-d, /A, and h; is heat transfer
coefficient between air and wall surface, W/(m*K).

Similarly, for the outdoor surface area it is valid:

Xgp = Xgp T K, Xy = (xewz —Xa ) hy + 16, - Xp,5, ®)

where x*d,z includes external conditions of the heat
flow transfer from the wall, x,, is the temperature of air

cooling the wall, x, = h,-d, /A, and h, is heat transfer coef-
ficient between the wall surface and air W/(mz-K).

Using Laplace transform and some substitutions (de-
tailed described in [15]) we have got equations:

X@z(p):Gl(P)'chl(p)_Gz(p)’Yawz(p); )

Xem(p):G3(P)'erl(l’)"'Gl(p)')?bwz(p)’ 10)

where:

1 (11)

Gl(p): C/’l\/;;
G,(p)=+/p-th{p; (12)

G- 42 a3z
p

Then using substitution solved in [15] and substitution
p = T,-s, we have got transfer functions:

GI(P): 24 _ 24 : (14)
24+12p+p>  24+12Ts+(T.s)’

4[6TSS+(TSS)2] . (15)
24 +12T, s +(T,5)*

4(6p+p2)
24+12p+p’

Gz(p):

120+20p + p> 120+ 20T,s + (T,s)” (16)
3(]7): 2 = 2]
524 +12p+ p?) 524 +12T,5+(T,5)*]

where T, =d zs- p-cll is constant, which is depended on
wall properties d,, and

A=d, R= dwz":R,. = dw‘i%. a7
i=1 i=1 7Y

Based on equations (7)—(10) block diagram of heat
transfer dynamics through a wall was designed and it is
shown in Figure 3.

Gy

Gy

Figure 3 — Block diagram of heat transfer dynamics
through a wall

3.2 Simulation model of heat transfer
dynamics

In Figure 4, there is presented dynamic simulation
model of heat transfer through a wall developed in
MATLAB/Simulink environment. This model was de-
signed on the base of the block diagram of heat transfer
dynamics through a wall (Figure 3) corresponding to
transfer functions (14)—(16) of partial differential equa-
tion system (9), (10).

According to (9) and (10), temperature 6,,; of the heat-
ed wall surface and heat flow @, taken away from cooled
wall surface is calculated from heat flow @, supplied into
the heated wall surface and from temperature 6,, of the
cooled wall surface. Heat flow @, supplied into the heat-
ed wall surface is calculated using equation (7) with two
inputs: temperature 6,, of air warming the wall and tem-
perature 6,,; of the heated wall surface. The temperature
of the cooled wall surface 6, is calculated using equation
(8) and it serves as input into main parts of the model.

The main part of the model is Transfer Fcnblocks
G, = Gy, = Gy, Gy, and Gj, which determine the dynam-
ics of the system. Another important part of the model is
hierarchical blocks named “standardize”, which serve for
calculation of main variables in the model.

4 Results

Using the model in Figure 4 we have simulated heat
transfer through the real wall and through the real win-
dow, to compare different materials of multi-layered wall,
thermal parameters, energy losses, etc.

Firstly, heat transfer through the real wall was simulat-
ed (Figure 5) with following real parameters, which have
corresponded to parameters measured on typical building
wall with thickness d,,=0.520 m, where the wall has
consisted of an internal plaster with thickness 0.015 m,
external plaster with thickness 0.015 m, internal isolation
layer 0.150 m, external isolation layer 0.050 m, and final-
ly brick layer thickness layer 0.290 m. The wall material
volume weight was p= 1400 kg/m®, and its specific heat
capacity ¢ =840J/(kg-K). Thermal conductivity A4,
W/(m-K), has been calculated as
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Figure4 — Dynamic simulation model of heat transfer through a wall

P (18)

where R is thermal resistance obtained by formula (for
the case of the total number of layers n = 5):

5

d.
R= ZI 19)

Thermal conductivities of the individual wall layers,
W/(m-K): 4, =0.70, 4, =0.03, 43=0.52, 1,=0.04, and
15 = 087

So, thermal conductivity of the simulated multi-
layered wall is A = 0.15 W/(m-K).

Outdoor temperature 6, has been simulated as a sine
wave with period 86 400 s (i. e. 24 hours), and amplitude
5°C. The temperature of heating water 6,; has been
50 °C.

Next, heat transfer through the real wall was simulated
(Figure 6) with the following real parameters: thermal
resistance R = 1 K-m*W , d,,=0.030 m. Outdoor temper-
ature 6, has been simulated again as a sine wave with
period 86 400 s (i. e. 24 hours) and amplitude 5 °C. The
temperature of heating water 6,; has been 50 °C.
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Figure 5 — Simulation results of heat transfer through the real wall: temperature of the heated
wall surface 6,,; (T,,1), and temperature of the cooled wall surface 0, (T,,)
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Figure 6 — Simulation results of heat transfer through the real window: temperature of the heated
window surface 6,,; (T,,), and temperature of the cooled window surface 0, (T,)

5 Conclusions

To summarize, the described mathematical model of
heat transfer dynamics through a plane wall has led to the
system of partial differential equations which second-
order transfer functions were derived. Model parameters
of single-layered and multi-layered plain walls were also
described in the paper. Based on the designed analytical
model of heat transfer through a wall, a dynamic simula-
tion model in MATLAB/Simulink environment was de-
veloped. This model has been tested for different real
wall material parameters, for example, a brick wall, insu-
lated wall, etc. The tested model was also used for simu-
lation of heat transfer through the real window.

Comparison of simulation results in Figures 5, 6 shows
that the temperature of the heated wall surface is higher
than the temperature of the heated window surface. Con-
versely, the temperature of the cooled wall surface is
lower than the temperature of the cooled window surface.
It shows that heat losses through the window with worse
thermal properties are higher than through the wall with
better thermal properties. So, the achieved simulation
results have confirmed the right approach to model de-
sign.
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JluHaMiuyHe MO/Je/II0BAHHS TeI1000MiHy Yepe3 30BHillIHi OyaiBeJIbHI KOHCTPYKIIL

ITitens 51.', XO0BaHCHKUH C.z, ITaBnenko I.z, Misxkaxosa S1.!

! ®akynpTer BUpOGHMUKX TexHOOTH y M. [Ipemos, Texuiunuii ynisepcuter M. Komme,
ByJ1. baeposa, 1, 080 01, m. IIpemros, CrioBauunna;
2 DaKyIBTET TEXHIYHIX CHCTEM T4 CHEproe()eKTHBHIX TeXHOJOTiH, CYMCBKHIT IepkaBHIH YHIBEpCHTET,
ByI. Pumcekoro-Kopcakosa, 2, 40007, m. Cymu, Ykpaina

AHoTanisi. Y cCTaTTi TNpeAcTaBieHI TEOPEeTHYHHH 1 YHCIOBHHA MiAXOOW [0 TUHAMIYHOTO MOJCITIOBAHHS
TEII000MiHYy Yepe3 30BHIIIHI Oy IiBeNbHI KOHCTPYKIII. Y pe3yiabTaTi po3po0iIeHo MOieNb IMHAMIKH TelIonepeadi
4yepe3 CTiHy Ha OCHOBI MaTeMaTHYHOTO MOJENTIOBaHHS EHEePreTHYHOro OalaHCy eJeMEHTapHOro Iapy IUIOCKOL
ctinku. CTiHa po3riisiianack K CyLUIbHE Cepe/JOBHIIE 3 Oe3MepepBHO PO3NOIIICHUM TEIJIOBUM OIOPOM i €MHICTIO.
Ha ocHOBi po3po0JICHOTO aHANITHYHOTO MiAXOIY, IO peajli3ye 3amporoHOBaHy MaTeMAaTUYHy MOJENb, PO3POOICHO
imiTaniiiHny mMozens i3 3actocyBaHHAM cepenoBuimna MATLAB/Simulink. I[IpogemMoHCTpOBaHO AWHAMIYHY MOJENb
TEIUIOTIEpeAadl uepe3 CTiHy 3 MmapaMeTpaMi peallbHHX MarepialiB, a TaKOX Yepe3 BIKHO 3 PEaTbHUMH TETUIOBUMH
napaMeTpamu. Pe3yiabpraTi MoJeTIoBaHHS NMPEACTaBIeHi TpadivyHo.

Kir04oBi cjioBa: 1uHaMiyHe MOJEIIOBAHHS, MATEMAaTUYHA MOJEIb, TEIII0O0OMIH.
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