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ABSTRACT 
The effective vacancy–vacancy interaction is considered. Based on the continuum 

approximation for the Fourier components of strain-induced vacancy–vacancy interac-
tion energies, approximating expressions for their expansion coefficients are obtained 
depending on the elasticity moduli, longitudinal and transverse phonon frequencies, and 
vacancy-concentration-dependent lattice parameter. The behaviour of k-dependent 
Fourier components of the strain-induced vacancy–vacancy interaction energies near the 
Brillouin zone centre, A(n)+B(n)k2, is analysed. As shown, A(n) < 0 and B(n) > 0 along 
all the high-symmetry [100], [110], [111], [½10] directions in reciprocal space for f.c.c. 
crystals with negative anisotropy factor. The criterion of modulated-structure formation 
for interacting vacancies in f.c.c. crystals is considered. Dependence of the modulated-
structure period on temperature is plotted. 
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INTRODUCTION 
Within the crystals under irradiation, modulated structures can be formed 

[1]. We consider the case when, due to irradiation, the vacancies were generat-
ed  in  f.c.c.  crystal;  then  the  irradiation  was  stopped.  Another  way to  produce  
the atom–vacancy solid solution is a high-temperature quenching, which fixes a 
raised amount of pre-melting vacancies. At the initial stage of an annealing, the 
average concentration of vacancies is constant until vacancies have time to 
approach the surface or to disappear in sinks. The vacancy interactions are 
governing mechanism of formation of the modulated structures in vacancy-
containing crystals. 

 

RESULTS AND DISCUSSION 
With decreasing temperature, T, or increasing concentration of vacancies 

(v), c, their interaction-caused drift begins dominating in their random motion, 
and the damping decrement becomes negative for every values of wave vector, 
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k, which belongs to the sphere of a radius k0(T, c) about k = 0, and the modulat-
ed structures appear. For |k| > k0(T, c), the damping decrement is positive, and 
the modulated structures disappear [2]. 

A given paper is based on overrunning continuous approximation for the 
Fourier components, ( )vvV k , of the strain-induced vacancy–vacancy interac-
tion energies. Within the finite region near k = 0 [2, 3], the ( )vvV k  may be 

represented as follows: 2( ) ( ) ( )  ( )vvV A B Qk n n k n k k . Here, the well-
known first term is based on long-wave-limit approximation [2]; the second 
term is a correction to this approximation, and the third term is a gauge, which 
eliminates strain-induced self-action of vacancies. The transition to the direct-
lattice space is defined according to the formula: 
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where summation is carried out over all N k-points of quasi-continuum 

within the 1st Brillouin zone (BZ) of f.c.c. lattice. 
In the direct-lattice space, the 

dependence of the strain-induced 
vacancy–vacancy interaction ener-
gy on the normalized radius of 
coordination sphere is shown in 
Fig. 1. One should pay attention to 
the quasi-oscillating and long-
range character of the strain-
induced vacancy–vacancy interac-
tion energies. Thus, its contribu-
tion on distant coordination 
spheres can be dominant. 

The modulated structure can 
be formed along those crystallo-
graphic direction, which is parallel 
to c c cn k k  corresponding to 
the highest growth rate and has the 
wave vector with a magnitude of 

1/2
el.chem{ ( ( ) ( ) [ (1 )]) [2( ( ) )]}c c B cA Q k T c c Bk n 0 n ; 

el.chem ( )k  is the Fourier component of ‘mixing’ energies for direct ‘elec-
trochemical’ interactions in atom–vacancy solid solution, kB is the Boltzmann 
constant. Within the wave-length approximation, 2

el.chem el.chem( ) ( )k 0 k . 

 
Fig. 1 – The dependence of the strain-

induced vacancy–vacancy-interaction ener-
gies on the normalized radius of coordination 

sphere in a crystal with various cohesion 
energy,  [3–5], which is used to estimate the 

concentration-dependent dilatation coeffi-
cient, Lv 



Nanomaterials: Applications and Properties (NAP-2011). Vol. 2, Part II                  373 
 
The ‘mixing’ energies, el.chem ( )r , for a solid solution are calculated with use 
of the Machlin potential [6] or the Morse potential [7] (Fig. 2). 

 

Fig. 2 – The ‘mixing’ energies, el.chem ( )r , 
for direct ‘electrochemical’ interactions in 
atom–vacancy solid solution based on a crystal 
with various cohesion energies, : (1)  = –3.7 
eV/atom [4], (2)  = –4.45 eV/atom [3], and (3) 
 = –5.55 eV/atom [5] in Machlin potential [6]; 

(4) Morse potential [7] 
 
The approximated expansion coefficients for Fourier components of the 

strain-induced v–v-interaction energies are dependent on the elasticity moduli 
of f.c.c. crystals, C11, C12, C44; e.g., 

2 2 3
0 11[100] 9 ( ) (4 )vA K L a C  [2, 8], 

2 4 2 2 2
0 11100 9 ( ) (256 )v

LB K a L M C , 
 
where K = (C11 + 2C12)/3—compressibility modulus, a0—an f.c.c.-lattice 

parameter, Lv—concentration coefficient of f.c.c.-lattice dilatation, M—the Ni 
atom mass, L—the longitudinal-polarized phonon frequency at the high-
symmetry X-point of the BZ surface. B(n) is positive along all the high-
symmetry [100], [110], [111], [½10] directions in reciprocal space for f.c.c. 
crystals with anisotropy factor   (C11 – C12 – 2C44)/C44 < 0. B(n) increases with 
temperature along the [100], [110], [111] directions (see Fig.3, where Lv = 

0.149, Lv = 0.124, Lv = 0.187 were calculated using the Machlin potential, 
and Lv = 0.0153 corresponds to the Morse potential). 

If  < 0, ( )vvV k  has a one-sided minimum along the [100] direction, but it 
is greater than ( )vvV 0  as a result of the long-range nature of strain-induced 
interaction. Besides, there are inequalities as follow: 

|| || || ||( ) ( ) ( ) ( ).vv vv vv vv
X W K LV V V Vk 0 k 0 k 0 k 0  

If el.chem( [100] ( ) [ (1 )]) [2( [100] )] 0BA Q k T c c B0 , where, e.g., 
within the scope of the Debye approximation, 

2 2 3 2
09 ( ) ( 4) (1 2 3 ) ( )vQ K L a X Y D
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2 2 2 2 2 2
x y x z z yX n n n n n n , 2 2 2

x y zY n n n , the modulated structure can appear 
along the [100] direction. 

Dependence of the modulated-structure period on T is  plotted  in  Fig.  4. 
With increasing temperature, the period of modulated structures increases. 

 

  a    b 

  c    d 

  e   f 
Fig. 3 – The temperature dependence of B(n): a, b—B[1 0 0], c, d—B[1 1 0], e, f—

B[1 1 1] 
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Fig. 4 – The dependence of the modulated-
structure period on T: a—Cv = 0.01 (1—
upper curver Lv

 = –0.149, 2—lower curver Lv

= –0.0153); b—Cv = 0.001 (1—Lv
 = –0.0153,

2—Lv
 = –0.149); c—Cv = 0.0001 (1—Lv

 = –
0.0153, 2—Lv

 = –0.149) 

CONCLUSIONS 
The strain-induced vacancy–vacancy interaction energy has the long-range 

and quasi-oscillating nature. As shown, B(n) is positive along all the high-
symmetry [100], [110], [111], [½10] directions in reciprocal space for f.c.c. 
crystals with negative anisotropy factor (   (C11 – C12 – 2C44)/C44 < 0) and in-
creases with temperature. As revealed, the two vacancies are attracted at the 
distance of less than 7 Å. At distances over 7 Å, vacancies do not significantly 
interact with each other. An elevation of the temperature leads to increase of 
the period of modulated structure. 
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